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N avier-Stokes Solution of a Slender Body
of Revolution at Incidence

W. L. Hankey,* J. E. Graham,t and J. S. Shang{
Azr Force WrzghtAeronauttcal Laboratorzes Wright-Patterson Air Force Base, Ohio

The three-dimensional flowfield surrounding an ogive cylinder at angle of attack is solved through integration
of the complete Navier-Stokes equations. The leeside vortex pattern is computed for a three caliber ogive
cylinder at Mach number 1.98. Laterally-symmetric three-dimensional flowfields are obtained on a CRAY-1
computer in 40 min utilizing MacCormack’s algorithm as vectorized by Shang. The computed results compare
favorably with the experimental data in that all primary features are captured.

Nomenclature

d =diameter of ogive

e = specific internal energy, C, T+ (12 + v2 +w?) /2

E,F,G =vector fluxes

k =exponential stretchmg factor (radial derCthIl)

L =length of ogive (in the x direction) :

n =outward normal from ogive body

p = static pressure

q =rate of heat transfer

r = spherical radius (distance from apex of ogive body)

R =radius of the ogive body

Ry = outer boundary radius (distance from x axis to outer
radial boundary)

R =field point radius (distance from x axis to a given
field point)

Re = Reynolds number based on running length,
P oot X/ o,

t =time

T = static temperature

u,v,w =velocity components in the Cartesian frame

U = dependent variables in vector form (o, pu, pv, pw
pe)

14 = velocity vector-(ui + vj + wk)

x,¥,Z2 =coordinate in the Cartesian frame

o =angle of attack

€ =downwash angle [angle between freestream velocity
vector and a given field velocity vector, i.e., e=«
—tan—! (v/u)]

£,9,¢ =transformed coordinate system
0 =density .

0 =radial angle around ogive

T = stress tensor

Subscripts

Q) =tensor

=transition

Introduction
XPERIMENTAL studies! on slender bod1es at high
angle of attack have identified the existence of unusual
flowfield phenomena. At small angles of attack (<25 deg)
and for small cross flow Mach numbers,’ a pair of stationary
symmetric vortices appear on the leeward side (Fig. 1). For
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higher angles of attack (30<a<60 deg), several pairs of
asymmetrical vortices exist on high fineness ratio bodies.
Generally these vortices are ‘also stationary, although in-
termittent regions of unsteadiness have been observed. At
even higher angles of attack the shedding vortices become
completely unsteady. The steady asymmetric case is of
considerable interest to the aircraft industry since large side
forces (experienced at zero yaw angles) are capable of
producing aircraft departure into a spin situation. Although
this phenomenon has been known for several decades, no
reliable analytical prediction method exists. - Recently,
however, advances have occurred in the numerical solution of
the Navier-Stokes equations for solving complex viscous
flows.  These solutions generally have been for two-
dimensional flows, while the computation of the vortex fields
generated by slender bodies at angle of attack requires the use
of the three-dimensional Navier-Stokes equations, although
attempts at using the parabolized Navier-Stokes equations
have shown some success.®! The practicality of three-
dimensional calculations can be achieved through the use of
vector processor computers (CRAY, STAR, Illiac) developed
only recently. This practicality can be demonstrated by
considering a typical three-dimensional problem with a grid of
15 x 30 x 30 points for which 4000 time steps are required to
obtain convergence, which were the figures obtained for the
current problem. Convergence criteria for  the current
problem initially consisted of graphical comparisons that
were verified numerically by a lack of change in the dependent
variables (i.e., less than 2% change in pressure over one
characteristic time). Based upon the timing results of the
benchmark computations of Ref. 9 (for three-dimensional
Navier-Stokes solutions using MacCormack’s'® method),
estimates of the computational time for this typical three-
dimensional problem on three different class computers can
be obtained. _

Table 1 dramatically shows the recent improvement in
computer efficiency thereby making three-dimensional
Navier-Stokes = calculations feasible. Because of the
availability of the CRAY-1 computer through remote access,
a numerical investigation of slender body flowfields was
initiated based on the importance of unpredictable yawing
moments on aircraft and missiles. Using a previously

Table1 Benchmark computations’

Computer Computer
version time
CDC 6600 36h
CDC 7600 ' 7h
CRAY-1 " 46 min
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developed vectorized Navier-Stokes code,!! a program was
initiated to compute the entire flowfield over slender bodies at
angle of attack. Two phases are contemplated. First, sym-
metric vortices are to be investigated, both laminar and
turbulent. Second, larger angles of attack will be examined in
which the asymmetric situation develops. This paper ad-
dresses only the laminar calculations of the first phase.

Method of Solution

A body-oriented coordinate transformation is utilized to
map the x,y,z physical space (Fig. 2) into & unit cube in the
&,1,¢ transformed space (Fig. 3). A uniform set of grid points
in the transforméd space permits the implementation of
simple finite-difference relationships whose image in the
physical space is a highly nonuniform grid capable of
resolving significant flowfield features. '

The transformation relationship used for the ogive cylinder
was defined first for the cylindrical portion of the body as
follows. )

§=E(x)

ih[Rf(ek—I) +RB—Re"]
R;—R

{=0/w

where £(x) spaced the cross flow stations geometrically to
include the location of the experimentally measured data
planes in the computation. The ogive nose portion was
described by a family of ogive curves of common origin with
increasing radius (see Fig. 2).

The three-dimensional, compressible Navier-Stokes
equations are given as®

U E O 3G,
a  ox  dy 9z

where the flux vectors are the following:

0 pu

pu pu? —o,,
U=| pv E=| puv — Ty
oW puw —7._ )
oe v pue —(V-1),—4q,
pv
pUY —T,,
—_ 2
F=1 pv’ -0,
pUW — 7T

ow

oUW —T .

G=| pvw -7,
2

pw? —¢

owe —(ZIZ/-;)Z—(L

The transformed equations for the ogive-cylinder become

aU—i—S 3E+< 3_E+ a—F+ (E>
a " cxar T\, Ty Ty

(52 45.29) =0

The explicit finite-difference method of MacCormack!?
(unsplit version), as vectorized for the CRAY computer by
Shang!! is employed to obtain a steady-state solution through
integration in time from some initial guess. The method is
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second-order accurate throughout but is conditionally stable
subject to CFL (Courant-Friedrichs-Lewy) time step
restriction.

Boundary Conditions

Boundary conditions must be prescribed on the six faces of
the cube in the transformed space (see Fig. 3). These faces are
the 1) upstream and 2) downstream planes, 3) wall surface,
4) far field boundary, and 5) and 6) two faces on the plane of
symmetry.

The following boundary conditions are applied after each
iteration, which consists of sweeps in all three directions.

1) Upstream Face: In the interest of computational
economy a ‘‘locally-conical”’ viscous solution (as originated
by McRae!?) was calculated for a short cone (L <d) through
the implementation of a Neumann condition on the upstream
face of the ogive-cylinder body

aU LE ) —0
57(; 0:":.{‘)—

where r is the spherical radius emanating from the apex of the
ogive. By choosing a grid that is conically symmetric at the
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Fig. 1 Sketch of flow phenomena.‘ ’
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Fig. 2 Computational grid (physical space).
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Fig. 3 Boundary conditions (transformed space).
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. origin

().,

2) Downstream Face: For supersonic flow approaching an
asymptotic state, experience indicates that a simple vanishing
gradient condition on a downstream boundary is generally
satisfactory.

aUu
ag (tng)'r]){) —0

3) Wall: On the surface a no-slip condition was used for the

velocity components along with a prescribed wall tem-
perature. The pressure (which cannot be determined through a
boundary condition) is computed from a degenerate
momentum balance equation at the wall.
At
1=0; u,v,w=0

T=T,=38.55°C
ap/on=0

where 7 is the direction normal to the body surface.

Density at the wall is computed using the field point located
one radial grid point from the body after each iteration. This
calculation is performed when the boundary conditions are
applied. .

4) Far Field Boundary: The outer boundary was selected to
lie outside of the bow shock and, hence, freestream conditions
were prescribed.

P_=1.724kPa

u= U, cosx
v=U_sina T, =953°C
w=0 U,=529m/s

.5) and 6) Plane of Symmetry: The two faces of the trans-
formed unit cube lying on the plane of symmetry are
represented as follows:

¢{=0and r
Ou _dv _9p _OT _
ar ~ ar  ar ot
w=0

This condition was implemented numerically by matching
image points which straddled the plane of symmetry.

Density of the plane of symmetry is simply computed by
equivalencing the two grid points in the angular direction
which straddle the plane of symmetry after one of them has
been computed as a field point during a given iteration.

Initial Conditions

The computation was initiated by starting with freestream
conditions (u=U_) at a=0. Subsequent calculations for
different angles of attack were initiated by rotating the
velocity vectors of a converged solution (at o =0 deg) by an
angle « and then applying the appropriate boundary con-
ditions.

Transition Criteria

Before commencing with the calculations, a decision must

be made as to the state of the boundary layer (i.e., laminar or
turbulent) and the location of transition. The wind tunnel
data compilation of Pate!? indicates that transition on cones
at zero angle of attack at a Mach number of 2 occurs at ap-
proximately a Reynolds number of 2.5x 10%. However, at
angle of attack dramatic differences occur between the
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leeward and windward transition location. Although many
parameters influence transition, Stetson!4 shows a trend with -
« indicating that for an angle of attack of 20 deg the following
transition Reynolds numbers may be used.

Re,, (x/d)
Leeward 0.75 x 106 1.7
Windward 3.5x 106 8.0

Therefore for 4 test Reynolds number based on diameter of
0.44x 108, the probable transition location will vary con-
siderably (from x/d=1.7 to 8.0) around the ogive cylinder.
Since the major portion of the attached boundary layer
(windward side) is laminar (and due to the uncertainty of the
transition location), it was decided that a benchmark com-
putation of completely laminar flow should be accomplished
first as a limiting case.

Numerical Results

The case computed in tHis paper is a three caliber ogive with
an attached cylinder and total length of ten diameters inclined

" at 20 deg angle of attack. The Mach number is 1.98 and the

Reynolds number (based on the diameter of the cylinder) is
0.44 x 106, This set of conditions matches the wind tunnel
data of Jorgensen and Perkins? for which a pair of symmetric
vortices was observed. The wall static pressure distribution
and a set of impact pressure surveys at three different stations
were obtained in this experiment. A comparison of the
computed results with the wind tunnel results will now be
discussed. '

Computed pitot pressure contours are compared with
experimental values in Figs. 4, 5, and 6 at axial stations of

8, deg
. 180 _
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Fig. 5 Comparison of pitot pressures (x/d =5.8).
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Fig. 6 Comparison of pitot pressures (x/d=10.0).
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Fig. 9 Cross flow velocity vectors (x/d = 10.0).
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Fig. 10 Enlargement of velocity vector field (x/d =5.8).
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Fig. 11 Downwash angle comparison (x/d =5.8, y/d =0.75).

x/d=4.5, 5.8, and 10, respectively. These figures display a
split scene with the experiment on the left half and the
numerical values on the right. The location of the vortex core
is at the center of the closed contours depicting a ‘‘sink’’ in
pitot pressure. Good agreement with the data is evident

_considering the qualitative nature of contouring in that in-

terpolations must be performed from a limited amount of
digital data in both the experiment and computation. The
cross flow velocity vectors are plotted for the same axial
stations as for the pitot pressure surveys in Figs. 7-9. Figure
10 shows an enlargement of the flowfield displayed in Fig. 8
in the vicinity of the vortex pair. The flow features about the
vortex including the cross flow separation are seen clearly in
these figures. An interesting aspect of this flowfield (Fig. 10)
is the stagnation saddle point -along the leeside plane of
symmetry. Note that above the saddle point a small value of
circulation exists which is opposite in sense to the.primary
vortex. This fact has been detected (but not explained) in
experiments.* In Fig. 11 the downwash angle ¢ measured in a
horizontal plane passing through the vortex is compared. with
the experiment. Outstanding agreement is observed.

A comparison of the location of the vortices (ascertained by
the sink position in pitot pressure) between experiment®!5 and
the computation is shown in Fig. 12 for 'different axial
stations. Excellent agreement with the experiment is obtained
for the numerical computation. o
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Fig. 12 Comparison of vortex center positions (M = 1.98).-
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Fig. 15 Wall pressure distribution (experiment).

Although the most unusual flowfield features appear in the
transverse plane, the flow is dominated by the axial velocity
component. A plot of the axial velocity vectors in a £-y plane
at a {-azimuthal angle (6) of 180 deg is shown in Fig. 13. This
plane cuts through the vortex core and depicts the ‘‘wakelike”’
character of the vortex. The computed wall static pressure
contours are mapped (Fig. 14) onto the £-{ plane and com-
pared with the wind tunnel test results of Jorgensen and
Perkins? in Fig. 15. Qualitative agreement is observed in the
shape of the contours. The axial distribution of the density
contours in the plane of symmetry is presented in Fig. 16. In
this figure the bowshock and vortex trace can be detected.
Also shown are the surface limiting streamlines in the £-¢
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Fig. 17 Surface limiting streamlines.

plane (Fig. 17). The convergence of streamlines near the 90-
deg azimuth angle depicts three-dimensional cross flow
separation. These vectors indicate the magnitude and
direction of the skin friction.

Conclusions

The aerodynamic forces on slender bodies at high angle of -
attack depend largely upon the development of the vortex
pattern on the leeside. Potential theory is not capable of
uniquely determining these forces since viscous forces are
essential to the process. To correctly compute the viscous

‘phenomenon the three-dimensional Navier-Stokes equations

are required. The practicality of this approach only recently
became available through the advancement of the vector
processor computer. - Flowfield computations for laterally
symmetric flow at Mach 1.98 over an ogive cylinder at 20-deg
angle of attack were accomplished in 40 min on a CRAY
computer, thereby demonstrating the potential for resolving
problems of this nature.

The numerical computations showed good agreement with
the wind tunnel data in predicting the general features of the
flowfield, i.e., vortex location, separation, pressure
distribution, and velocity field. Although discrepancies at-
tributed to inadequate grid resolution or turbulent transition
phenomena require further research, future emphasis shall be
placed on computing the asymmetric case for which un-
desirable yaw forces are produced.
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